LIMIT FORMULAS FOR RATIOS OF DERIVATIVES OF THE 
GAMMA AND DIGAMMA FUNCTIONS AT THEIR 
SINGULARITIES 
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Abstract. In the paper the author simply presents the limit formulas for 
ratios of derivatives of the gamma function and the digamma function at their 
singularities. 



1. Introduction 

Throughout this paper, we use N to denote the set of all positive integers. 

It is well known that the gamma function T(z) is single valued and analytic over 
the entire complex plane, save for the points z = —n, with n £ {0} U N, where it 
possesses simple poles with residue ^jf— ■ Its reciprocal p^y is an entire function 
possessing simple zeros at the points z = —n, with n £ {0} U N. See related texts 
in [1, p. 255, 6.1.3]. This implies that 

(-i) n 

n\(z + n) 

is valid on the neighbourhood 

D (~ n, l) = I"'' + < i} (1 ' 2) 

of the points z = —n with n S {0} U N, where f(z) is analytic on £)(— n, j) and 
satisfies 

lim f n (z) = 1 (1.3) 

z— >■— n 

for all «e{0}U N. 

It is also well known that the polygamma functions are defined by ip(z) 



r'(z) 



r(z) 

and tp^'(z) for i € N. Among them, the first five functions ip(z), ip'(z), ip"(z), 
^ 3 \z), and ij)^{z) are known as the di-, tri-, tetra-, pentra-, and hexa-gamma 
functions respectively. The polygamma function ^ n \z) for n e {0} U N is single 
valued and analytic over the entire complex plane, save at the points z — —m, with 
m e {0} UN, where it possesses poles of order n+1. See related texts in [1, p. 260, 
6.4.1]. From (1.1), it follows that the expressions 

(„) 



^ n >(z) = 



fm(z) 



(1.4) 
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for n G {0} U N are valid on D(—m, \) which is defined by (1.2). 

In [2, 3], by Euler's reflection formulas for T{z) and ip(z), the limit formulas 

Jim EM. - f _n(n-,)fc£ . Ml fi 5) 

z+k T(qz) ~ ( lj n (nk)\ (L5) 

and 

lim ^ = £ (1.6) 

z^-fc ip(qz) n 

for any non-negative integer fc and all positive integers n and g were established. 

In [5], by using the explicit formulas for the n-th derivatives of the cotangent 
functions in [4], the limit formulas 

lim ,S» £ w ! Y +I (L7) 



-k i()( % )(gz) \n 

for n,q e N and i, k G {0} U N were presented. It is clear that the limit (1.7) for 
z = becomes (1.6). 

The aim of this paper is to discover the limit formulas for ratios of derivatives 
of the gamma functions at their singularities. 

Our main result may be stated as the following theorem. 

Theorem 1.1. For n,q E N and i,k E {0} U N, we have 

Bm .E^£) (iV +1 S. (1-8) 



rW (qz) \n J (nk) 

Finally we provide a very simple proof of the formula (1.7). 



2. Proof of Theorem 1.1 

Now we set off to prove Theorem 1.1. 
When i = 0, the limit (1.8) becomes (1.5). 
Differentiating i > times on both sides of (1.1) yields 

n\ y o \l){z + nY^ n {Z) - 



Therefore, we have 



rd)f \ ( ~ 1)nk T l ( l ) ( - iYp : f {i ~ e) (nz) 

li m 1 ]_ynz) _ (nk)! 2-^=0 \V (nz+nk) e + 1 J nk \' iz > 



z— > 



-kT^iqz) z^-k (-D 9fc y (i) i-D't} fV-Qrgz) 

yH ' (qk)\ 2^t=0 \V (qz+qk) e + 1 Jqk \1 Z ) 



1+1 (qk)l 

(nk)V 



The proof of Theorem 1.1 is completed. 
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3. A SIMPLE PROOF OF THE FORMULA (1.7) 



In virtue of (1.4), we have 



lim 



k ipMfaz) 



= lim 





( 



) 



i+1 



z- 



z- 



-k (-iy+ i i\ , \ f' qk (i z ) ^(i) 

(qz+qkY+l Vf qk {qz)\ 



n 



The proof of the formula (1.7) is completed. 



References 



[1] M. Abramowitz and I. A. Stegun (Eds), Handbook of Mathematical Functions with Formulas, 
Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 
55, 9th printing, Washington, 1970. 1 

[2] A. Prabhu, A property of the gamma function at its sigularities, Available online at http: 
//arxiv.org/abs/1008.2220. 2 

[3] A. Prabhu and H. M. Srivastava, Some limit formulas for the Gamma and Psi (or Digamma) 
functions at their singularities, Integral Transforms Spec. Funct. 22 (2011), no. 8, 587-592; 
Available online at http://dx.doi.org/10.1080/10652469.2010.535970. 2 

[4] F. Qi, Explicit formulas for the n-th derivatives of the tangent and cotangent functions, Avail- 
able online at http://arxiv.org/abs/1202.1205. 2 

[5] F. Qi, Limit formulas for ratios of poly gamma functions at their singularities, Available online 
at http://arxiv.org/abs/1202.2606. 2 

Department of Mathematics, School of Science, Tianjin Polytechnic University, 
Tianjin City, 300387, China; School of Mathematics and Informatics, Henan Polytechnic 
University, Jiaozuo City, Henan Province, 454010, China 

E-mail address: qifeng6180gmail.com, qifeng618@hotmail.com, qifeng618Sqq.com 

URL: http: //qif eng618.wordpress . com 



